We discuss the possibility that dark matter axions form a Bose-Einstein condensate (BEC) due to the gravitational self interactions. The formation of BEC occurs in the condensed regime, where the transition rate between different momentum states is large compared to the energy exchanged in the transition. The time evolution of the quantum state occupation number of axions in the condensed regime is derived based on the in-in formalism. We recover the expression for the thermalization rate due to self interaction of the axion field, which was obtained in the other literature. It is also found that the leading order contributions for interactions between axions and other species vanish, which implies that the axion BEC does not give any significant modifications on standard cosmological parameters.
I. INTRODUCTION
Identifying the origin of the dark matter of the Universe is one of the priorities of modern high-energy physics and astronomy. So far, many particle physics models of the dark matter have been proposed (see e.g. [1] for reviews), and well-motivated candidates are so-called weakly interacting massive particles (WIMPs) and axions. Both of them possess suitable properties for the dark matter in that they are nonbaryonic, cold, and collisionless. However, the nature of cosmological behavior is completely different between WIMPs and axions. WIMPs are produced from a primordial soup of radiations, and their population is fixed when they decouple from the thermal plasma. We can interpret them as a collection of classical particles, whose velocity dispersion is determined by the decoupling temperature. On the other hand, axions are produced nonthermally, having a small velocity dispersion compared with the temperature of the thermal plasma at the epoch when they are produced. Furthermore, they have a huge occupation number in the phase space since they are bosons. Because of these properties, we interpret them as a classical field rather than individual particles. This classical field of axions coherently oscillating in the field space behaves as a cold matter component of the Universe [2] .
These curious properties of dark matter axions motivate the possibility that axions form a Bose-Einstein condensate (BEC) [3] . Indeed, the energy dispersion of axions at the production time δω ∼ O(10 −13 )eV is much smaller than the critical temperature for BEC, T c = (π 2 n/ζ(3)) 1/3 ∼ O(100)GeV, where n is the number density of axions. 1 However, this argument relies on the following assumptions. First, the particles must be bosons. Second, their number must be conserved. Third, they should have huge phase space density. Finally, they must be in thermal equilibrium. The first three conditions are obviously satisfied for dark matter axions, but the final one, whether axions thermalize or not, is a nontrivial issue.
The cosmic thermalization of axions is extensively discussed in Ref. [4] . Here, the thermalization means that the system relaxes into a state with the highest entropy by exchanging energies and momenta between particle states. In order to investigate such a process, some statistical mechanical treatments are required. The usual analysis using the Boltzmann equation cannot be applied to this problem, since highly degenerate axions are essentially fields in the classical limit. Such a system of axion fields does not match the assumption of the Boltzmann analysis, where the system is considered to be a collection of point particles. This situation defines a peculiar regime of the many body system, called the condensed regime, which should be distinguished from the particle kinetic regime where the Boltzmann analysis can be applied. In the condensed regime, the energy transfer of the scattering process is small compared with the scattering rate, because the interaction occurs between highly degenerate states. Thermalization in the condensed regime is not well understood in comparison with that of the particle kinetic regime.
In Ref. [4] , the thermalization process in the condensed regime is analyzed by describing the axion field as a set of quantum-mechanical oscillators (i.e. quantum operators) and deriving the evolution equation of each oscillator. However, in the formalism of [4] the thermalization rate is estimated by comparing the "orders of magnitude" of quantum operators, and the occurrence of the thermalization is confirmed only by computing the quantum-mechanical averages of the occupation number of each oscillator numerically, which is realized for toy models with a small number of oscillators and particles. It is impossible to realize the actual system with a huge number of axions using the numerical scheme described in [4] .
In this paper, we revisit the issue of the axion thermalization. The purpose of this work is to develop a robust tool to describe the relaxation process of highly degenerate bosonic fields. Instead of using the approach of Ref. [4] , we compute the expectation value (i.e. the quantum-mechanical average) of the occupation number of axions, and solve its time evolution, which informs us of the change of the distribution function of axions. The computation is executed by using the technology which was originally introduced by Schwinger et al. [5] , called the "in-in" formalism. This formalism enables us to calculate the time evolution of the expectation value of quantum operator in the systematic way. Furthermore, it can treat a state to which particlelike interpretation is not applied, if we use an appropriate representation for a state at the initial time. In our case, a coherent state is used to describe a state in the condensed regime. Using this formalism, we estimate the thermalization rate as the inverse of the time scale in which the expectation value of the occupation number changes its value. Whole things can be described in the analytic way, and it is not necessary to use numerical simulations.
The discussion on thermalization of axions and formation of a BEC is not only the theoretical issue, but has a relevance to observations. There are several observational evidences indicating that the phase space structure of galactic halos is consistent with the "caustic ring model" [6] . In this model, the high density surfaces (caustics) in the phase-space distribution of the dark matter particles become ringlike configurations when dark matter particles fall into a galactic potential with net overall rotation. Recently, it was pointed out that this caustic ring model is predicted if dark matter axions form a BEC [7] , which might be regarded as an evidence of the axion dark matter. However, it was also suggested that an axion BEC might enter into thermal contact with photons, and modify some cosmological parameters from the standard values [4, 8] . In particular, if axions and photons reach thermal equilibrium, the photon temperature is cooled, which predicts a smaller value of the baryon to photon ratio at the big bang nucleosynthesis and a larger value of the effective number of neutrino species N eff . The predicted value is N eff = 6.77, which is larger than the observed value N eff ≃ 3-5 [9] . This result seems to be disapproval of axion BEC dark matter, but we find that such photon cooling effects are fictitious. As will be shown later, axions do not enter into thermal contact with photons, though they develop toward a BEC.
The organization of this paper is as follows. In Sec. II, we introduce the method to evaluate the time evolution of the occupation number of axions. The expectation value of the quantum operator for the occupation number is computed by using the perturbative expansion in terms of the interaction Hamiltonian of the axion field. We perform the calculation of the leading order terms in perturbation theory, while the second order terms are evaluated in the Appendix. In Sec. III, implications of the results of our analysis on cosmology are discussed. We estimate the relaxation rate of self-interacting degenerate axions and recover the formula for the thermalization rate of axions, which was obtained in Ref. [4] . We will see that the thermalization rate exceeds the expansion rate when the temperature of the Universe becomes sufficiently low, at which axions begin to evolve toward a BEC. Finally, the summary and conclusions are given in Sec. IV.
II. AXION FIELD DYNAMICS
In this section, we develop the formalism to compute the time evolution of quantum occupation number of the axion field. Our interest is to calculate the expectation value of a quantum operatorN p (t) at a given time t, which represents the number of axions occupying a quantum state labeled by three-momentum p. Such a problem can be dealt by using the in-in formalism (or Schwinger-Keldysh formalism) [5] . In cosmology, this formalism was applied to calculate quantum contributions to cosmological correlations [10, 11] . Following such a formalism closely, in this work, we calculate the time evolution of the occupation number in a systematic way by use of the perturbative expansion.
The outline of this section is as follows. In Sec. II A, we review the formalism described in [10, 11] and give the formula to calculate the expectation value of the quantum operator. In Sec. II B, the mode expansion of the field operator is taken and the quantum occupation number is defined. In Sec. II C, we discuss how to represent the coherently oscillating axion fields as quantum states. Using the ingredients obtained in Secs. II A, II B, and II C, we compute the time evolution of the occupation number due to the self interaction of the axion field in Sec. II D. Finally, interactions with other particles such as baryons and photons are discussed in Sec. II E.
Eqs. (8) and (11) 
where
The solution of Eq. (13) is given by
and also
where T (T ) represents (anti-)time ordering. A quantum operator O[φ(t), π(t)] constructed from φ and π can be written as
. Using Eq. (18), we can compute the expectation value of the operator O(t) = Ψ|O(t)|Ψ at a given time t for an in-state |Ψ specified at the time t 0 . It is convenient to note that
which can be derived by mathematical induction.
B. Mode expansion and occupation number
Since the calculation in Eq. (19) is performed in terms of the interaction picture fields φ I and π I , it is convenient to write down relevant quantities in the interaction picture. From Eqs. (5) and (10), the interaction picture fields also satisfy the commutation relations,
Equations (9) imply that φ I and π I are solutions of free field equations of motion, giving their mode expansions,
where E p = m 2 + |p| 2 , x 0 = t, and p 0 = E p . Then, the commutation relations (20) are equivalent to
The creation and annihilation operators diagonalize the free Hamiltonian of interaction picture fields,
Here, let us define the operator whose eigenvalue gives the occupation number of a momentum state p,
On the other hand, its eigenstate can be obtained by applying the ladder operator a I † p on the vacuum state defined by
An operator similar to (25) in the Heisenberg picture can also be constructed. Since the Heisenberg picture and interaction picture operators are related,
the following time-dependent operators are useful:
From Eqs. (23) and (28), it is manifest that a p (t) and a † p (t) also satisfy the canonical commutation relations, and diagonalize the free Hamiltonian of Heisenberg picture fields H 0 [φ(t), π(t)]. Hence we recognize that the operator
describes the time evolution of the occupation number, and we substitute it into O(t) in the left-hand side of Eq. (19) . However, in the actual calculation, the operator (25) is used as O I in the right-hand side of Eq. (19) . Note that neither a I p nor a p (t) diagonalizes the full Hamiltonian H = H 0 + H I , and the state |0 I given by Eq. (26) is not the ground state of the full Hamiltonian, which we shall denote |0 H . On the other hand, the in-state, which is used to calculate the expectation value in Eq. (19) , is defined as an eigenstate of H, not H 0 . Such a state can be constructed by applying the operator a in † p , which creates one particle state from |0 H . It is assumed that this in-state approaches a free particle state constructed by a † (t) in the limit t 0 − t → −∞, up to a factor representing the renormalization of the wave function. Such a factor can be absorbed into the physical mass of the field φ, which differs from the bare mass m appealing in H 0 [12] .
Aside from the renormalization factor, in the limit t 0 − t → −∞, the right hand side of Eq. (19) can be reduced into the expectation value in the "vacuum" |0 I multiplied by a factor arising from the overlap between states |0 I and |0 H . This overlapping factor drops out when we divide the expectation value by 1 = H 0|0 H . This procedure is justified by taking the limit t 0 − t → −∞(1 − iǫ) in a slightly imaginary direction, where ǫ is a positive infinitesimal. Note that, in this case, the quantity appearing in the denominator is equal to unity because of I 0|F −1 (t, t 0 )F (t, t 0 )|0 I = 1. This fact implies that all vacuum fluctuations automatically vanish in the in-in formalism [10] .
Having removed ambiguities via the procedure described above, we can simply calculate the right-hand side of Eq. (19) with the state constructed by applying operators a I † p on the vacuum state |0 I in the interaction picture. This initial state will be specified in the next subsection.
In the following, the subscript "I" is omitted for simplicity. It is convenient to consider a finite spatial box with volume V = L 3 so that the label of each mode becomes discrete, p n = (2π/L)n, and n = (n x , n y , n z ), where n x , n y and n z are integers. Then we just take the following replacements:
Here, the italic indices i, j should be understood as abbreviated notation for three dimensional vectors with discrete components. The number operator defined in Eq. (25) is rewritten aŝ
where the factor 1/V appears due to the factor V in Eq. (30).
C. Coherent oscillation as a quantum state
Now let us specify the state at the initial time. Since we are interested in the evolution of coherently oscillating axions, the initial time is set to be the epoch of the QCD phase transition, at which the mass m becomes greater than the Hubble parameter H and the classical axion field begins to oscillate around the minimum of the potential. These axions are produced due to the misalignment mechanism [2] , and are called the zero mode, since a huge number of axions homogeneously oscillate over a large distance.
In addition to this zero mode, however, there are additional contributions to the axion abundance. One contribution is produced by the thermal bath in the early Universe, and its abundance is fixed at the decoupling temperature [13] . Another contribution comes from the decay of topological defects, such as global strings and domain walls [14, 15] . Both of them have definite momenta, and we call them the nonzero modes in contrast to the zero mode. If inflation occurred before the Peccei-Quinn (PQ) phase transition, those produced by topological defects can be a dominant component of dark matter. On the other hand, if inflation occurred after the PQ phase transition, their population is negligible. See [16] [17] [18] for recent developments about this issue.
Each of the zero mode and the nonzero modes correspond to a definite quantum state. In particular, it is possible to construct a state with a definite momentum p k occupied by N k axions as a number state,
where |0 I is the vacuum defined by Eq. (26). This is an eigenstate of the number operator (31), and we can construct complete orthonormal basis by using a series of the number states. Here, it should be noted that the nonzero modes correspond to the number states. In the classical limit, these states can be interpreted as classical point particles with definite energies and momenta.
On the other hand, the zero mode has different properties compared with nonzero modes. It has a huge occupation number as large as N ∼ 10 61 . In the classical limit, this state should be interpreted as a classical field, rather than point particles [4] . Such a highly degenerate Bose gas of axions might be described as a coherent state [19] . Mathematically, a coherent state can be represented by using the basis of number states [20] ,
where α i is a complex number and the numerical factor is chosen so that it is normalized α i |α i = 1. The coherent state is characterized as an eigenvector of the annihilation operator such that
The coherent state representation is suitable for the modes outside the horizon at the time of the QCD phase transition. This is because such modes start to oscillate simultaneously at that time and are not dephased. We note that it is not an exact statement since the onset of the oscillation may vary for each of patches separated by the QCD horizon. Such a difference is at most the order of the magnitude of temperature fluctuations, because the onset of the oscillation is determined by the temperature dependent axion mass [see Eq. (80)]. Therefore, the difference in the onset of the oscillation can be simply ignored as long as we consider the transitions in the total number of axions. For this reason, we expect that the modes outside the QCD horizon are well approximated as coherent states.
However, the value of the initial amplitude of the oscillation (called the initial misalignment angle) might be different for each of the QCD patches, if the PQ phase transition occurs after inflation. Furthermore, even for the case where the PQ phase transition occurs before inflation, the value of the initial misalignment angle might vary for some length scales beyond the size of inflated patches. Therefore, we expect that the coherently oscillating axions have momenta comparable to or less than the Hubble scale at the time of the QCD phase transition. In this sense, the "zero mode" is not exactly a single mode with zero momentum, but the collection of plural modes near the ground state.
Axions produced from the dynamics inside the horizon such as the decay of topological defects and the interaction with the thermal bath are almost dephased, and they are not described as a coherent state. Here, we simply assume that they are described as a number state given by Eq. (32). In opposition to the zero modes, these modes have momenta larger than the Hubble scale at the time of the QCD phase transition. We summarize the contents of the initial state in Table I .
Hereafter we assume that a huge number of particles occupy a small number K of states whose momenta are less than the Hubble scale at the time of QCD phase transition, and that they are described as coherent states. There also exist nonzero modes, which occupy states with higher momenta and are described as number states. The collection of such states can be expressed as
Note that i ≤ K is the abbreviated notation representing the sum over lowest K modes (i.e. actual states are labeled by three momenta, and we must distinguish them by spatial directions of momenta as well as their absolute value). Let us call the modes with i > K the particlelike modes and the modes with i ≤ K the condensed modes. It would be convenient to note the following relations:
where |{N } k , {α} is the state obtained by replacing the factor (a †
It is important to assume that there are plural condensed modes (K > 1). Our interest is to know how these condensed modes reach thermal equilibrium by exchanging their momenta. If condensed modes never thermalize, their occupation number does not change from that of the initial states where a number of particles occupy plural states labeled by momenta comparable to or less than the Hubble scale at the time of QCD phase transition. However, once the effects of self interaction become relevant, transition between condensed modes rapidly occurs. Then, the initial distribution begins to change toward the equilibrium form. Let us take the expectation value of φ given by Eq. (21) at the initial time t 0 for the state |{N }, {α} ,
Since the wavelength of the condensed modes is comparable or greater than the QCD horizon,
0 , p n · x ≪ 1 and hence the factor e ±ipn·x is negligible. This approximation remains valid as long as we consider the dynamics inside the horizon. We also approximate E n = m 2 + p 2 n ≃ m since the coherent oscillation begins when |p n | H(t 0 ) < m is satisfied. Then, the expectation value, φ 0 , is given by
with
If the condensed modes are decoupled with each other, the expectation value of the field oscillates like φ ∝ cos(mt − β n ). Each mode oscillates independently with different amplitude |α n | and the total amplitude is given by the superposition of K oscillating modes. Next, let us take the mean square deviation of the field amplitude for a single coherent state given in Eq. (33),
Since this result does not depend on α i , it holds for the state with α i = 0 (the vacuum state), which implies that the deviation given in Eq. (43) is nothing but the vacuum fluctuation. Therefore, the coherent state has the same trajectory with the classical field and the same fluctuation with the vacuum. The expectation value of the momentum conjugate (22) leads tȯ
Let us assume that the initial velocity φ of every mode vanishes, β n = mt 0 . In this case, we obtain
where F a is the axion decay constant and
is the initial misalignment angle for a mode n. The total number of particles at the initial time is given by
whereN n is the number operator given in Eq. (31). Dividing it by a volume V yields the number density of axions
is the number density of particlelike modes, and
are the number densities of condensed modes. Here (θ ini ) 2 is the square of the total misalignment angle
In the continuous limit V → ∞, Eq. (48) can be rewritten as
where f (p) is the total phase space distribution function of axions,
D. Time evolution of quantum occupation number
In the following, we compute the time evolution of the expectation value of the quantum number operator (19) . By using the in-in formalism, the time evolution of the occupation number is given by
where . . . represents the expectation value for the state given by Eq. (35). We consider the following form of the interaction [4] ,
where 
Here we dropped the processes which violate axion number such as a † a † a † a, since we are interested in the term of first order in H I , where axion number violating processes are forbidden due to the conservation of energy and three momenta if axions are nonrelativistic. Such axion number violating self-interaction terms are relevant only in the higher order in perturbation theory. The possibility of the axion number violating process including other particle species will be discussed in the next subsection. In addition to the self coupling, axions also interact due to their gravitational potential. In the Newtonian limit, the interaction Hamiltonian of the gravitational coupling is given by
where G is the Newton's constant and ρ(x, t) = (π 2 (x, t) + m 2 φ 2 (x, t))/2 is the energy density of axions. This leads to the term (55) with the coefficient
where we used the approximation E i ≈ m. Let us evaluate the term of first order in H I . Due to the following relation,
the commutation relation becomes
The following relations coming from Eq. (39) are useful to take the expectation value of the above term,
where the state |{N } 2k , {α} contains a factor (a †
for modes k and k ′ . By separating the summation over indices jkl into the contribution of particlelike modes > K and that of condensed modes ≤ K, and using Eq. (61), we can compute the expectation value of Eq. (60). For p ≤ K, after some algebra, we obtain
The first term in the right-hand side of Eq. (62) vanishes since Λ pj kj contains the conservation law of three momenta δ p+j,k+j . On the other hand, for p > K, this term exactly vanishes
Finally, taking the time integration yields the contribution at the first order perturbation,
and
where we have dropped the rapidly oscillating term e iΩ pj kl (t−t0) as t − t 0 → ∞ in the second line of Eq. (64). Note that, if there is no scattering (p = k or p = l), the first line of Eq. (64) also vanishes.
As was conjectured in [4] , there are two distinct regimes for the interaction process. One is the particle kinetic regime characterized by the condition Γ ≪ δω, where Γ is the evolution rate of the system and δω is the typical energy exchanged in the interaction. In this regime we expect that Ω pj kl t ≫ 1 and the factor exp(−iΩ pj kl t) in Eq. (64) cancels out when the time average is taken. Hence the first order term (64) becomes irrelevant, which requires us to evaluate second order terms in the expansion (54) to follow the time evolution of the occupation number. The explicit calculation for second order terms is given in the Appendix.
The opposite regime characterized by the condition Γ ≫ δω is called the condensed regime. Since Ω pj kl t ≪ 1 is satisfied, we can safely set 64) is justified regardless of the condition of the condensed regime. Here, we consider two time scales which should be distinguished from each other. (t − t 0 ) corresponds to the time scale in which the field cannot be interpreted as free field and the effect of the potential force should be introduced in order to describe its time evolution. Hence the approximation e iΩ pj kl (t−t0) ≈ 0 follows from the asymptotic condition in which the in-state defined at t 0 approaches a free particle state in the limit (t − t 0 ) → ∞, as is assumed in the usual formulation of the quantum field theory [see discussions in the paragraph below Eq. (29)]. However, we are interested in the time scale in which the transition between different momentum states occurs. This corresponds to "t," or a time scale dt in which the change in the occupation number dN [i.e. the difference between N (t) and N (t + dt)] becomes comparable with the total number of particles N in a state p, as defined in Eq. (87). In other words, particles begin to feel the potential force in the time scale t − t 0 , but they make a transition in the time scale t ∼ dt. Hence the condensed regime is defined by Ω pj kl t ≪ 1 rather than Ω pj kl (t − t 0 ) ≪ 1.
E. Interaction with other species
So far we have considered only the self interaction of the axion field. The highly degenerate axions may also couple with other species, such as baryons, relativistic axions, and photons due to the gravitational interactions, though the coupling with relativistic axions has already been included in the formalism described in the previous subsection. In Ref. [4] , it is claimed that axions have thermal contact with other species after they form a BEC. However, as shown in this subsection, there are no such effects at least at the first order in the perturbation theory.
In general, the interaction Hamiltonian with other species b can be written as
where Λ ij b kl is a constant which contains the conservation law of three momenta, and b † l and b l are the operators which create and annihilate a species b with the momentum p l , respectively. Here we consider only the interactions conserving axion number at the leading order. Interaction rates of the axion number violating processes will be discussed later. It should be also noticed that b particles are conserved as well at the vertex given by Eq. (67).
Substituting Eq. (67) into Eq. (54) enables us to calculate how the occupation number of axions evolves with time due to the interactions with other particles. The b particles are assumed to be in number states with a distribution N b,k (t 0 ) at the initial time,
where |{N }, {α} is given in Eq. (35). N b,k can take a large number if b is a boson, but it takes either 0 or 1 if b is a fermion. In the following, the state (68) is taken in computing the expectation value in Eq. (54). Noting that
we find for the condensed modes,
which exactly vanishes because of the conservation law of three momenta δ p+j,k+j in Λ pj b kj . This term also vanishes for the particlelike modes,
Hence there are no contributions from interactions with other species. From the above discussion, we conclude that the scattering does not occur, in general, between particlelike modes in the tree level of the interaction. This is an inevitable consequence that follows from the two assumptions: the bnumber conservation in Eq. (67) and the number state representation for b particles in Eq. (68). Momentum transfer does not occur between number states in the tree level because of the conservation of three momenta. Schematically, this fact can be understood by using diagrams shown in Fig. 1 . In the usual calculation of S matrix for the scattering process a + b → a + b, we specify in and out-states as definite particle states for a and b species, but the momentum of each particle can differ between in and out-states, as shown in Fig. 1 (a) . In the in-in formalism, this tree level diagram is deformed such that in and out-states are synchronized [see Fig. 1 (b) ]. Then, the momenta of two in-states must be the same if they are represented as number states. It is obvious that there is no momentum transfer in such a process, and hence the transition is forbidden. On the other hand, the momenta of in-states can differ if they are coherent states, since they are not eigenstates of the number operator. Therefore, the tree level process is allowed for self interactions between coherent states, as shown in Fig. 1 (c) . This is why the second line of Eq. (62) has a nonvanishing contribution. Figure 1 (d) shows that the scattering between particlelike modes can occur in the higher order in perturbation theory. As will be seen in the Appendix, at least at the second order in the perturbation theory, this process corresponds to what we calculate by using the usual Boltzmann equation.
In the above discussion, we assumed that the interaction with other species is given by Eq. (67), which conserves both the axion number and b number. This can be applied for the gravitational interactions considered in Ref. [4] . However, axions also couple to two photons, whose number is not conserved. Here, F µν = ∂ µ A ν − ∂ ν A µ is the photon field strength,F µν = 1 2 ǫ µνλσ F λσ is the dual of it, ǫ µνλσ is the totally antisymmetric tensor with ǫ 0123 = +1, g aγγ = (α/2πF a )c aγγ is the axion-photon coupling, α is the fine structure constant, and c aγγ is a numerical coefficient whose value depends on models. Let us show that this axion-photon coupling does not have any contribution in the tree level of the interaction.
The mode expansion of the photon field is given by 
where ω j ≡ |p j |, e 
Substituting Eqs. (21) and (73) into Eq. (72), we obtain the interaction Hamiltonian of the axion-photon coupling
Then, it is straightforward to show that the expectation value of Eq. (78) vanishes for the particlelike modes p > K.
For the condensed modes p ≤ K, we obtain
This term also vanishes since Λ (j,r) γ2 p(j,r) = 0. The absence of the tree level contribution from the axion-photon interaction can also be understood in terms of some conservation principles. First of all, the vertex given by Λ
violates the number of photons. Such a process is forbidden at the tree level of the interaction, as long as photons are represented as number states. On the other hand, the vertex given by Λ (k,r ′ ) γ2 i(j,r) conserves the number of photons, leading to Eq. (79). However, there is no momentum transfer at such a vertex since the momenta of two in-states for photons must be same. Note that it is possible to show that the tree level contribution vanishes for p ≤ K, without using the structure of Λ (k,r ′ ) γ2 i(j,r) . The conservation of three momenta requires that p = 0 in Eq. (79), hence it is proportional to e imt . The factor e imt gives a rapidly oscillating contribution which can be dropped, since we are interested in the time scale much longer than ∼ m −1 . Therefore, the tree level process between axions and photons is forbidden due to the conservation of the photon number and three momenta.
III. FORMATION OF AXION BOSE-EINSTEIN CONDENSATION
In this section, we discuss the cosmological evolution of dark matter axions based on the results in the previous section. The zero mode axions are produced at the time t 1 satisfying the condition
where H(t 1 ) is the Hubble parameter at t 1 and T 1 is the temperature of radiations at that time. The temperature dependence of axion mass is obtained in [21] ,
with n = 6.68 and Λ QCD = 400MeV. The time t 1 is estimated as [17] t 1 = 3.01 × 10 −7 sec g * ,1 70
where g * ,1 is the radiation degrees of freedom at the time t 1 . This time scale t 1 should be identified with t 0 , which was used in the previous section. From Eq. (50), the number density of the zero mode axions is estimated as
where X is a numerical factor determined by the initial misalignment angle (θ ini ) 2 and R(t) is the scale factor of the Universe at the time t. Since the momentum dispersion of axions is given by the horizon at the QCD phase transition δp(t 1 ) ∼ 1/t 1 , their velocity dispersion is estimated as
where we have used the expression for the zero-temperature axion mass given by
One can easily verify that the state occupation number of the zero mode axions is huge,
As was assumed in Sec. II C, K states around the ground state are occupied by N particles. Therefore, each state is occupied by N /K particles on average. Their thermalization rate is given by the time scale of the change of the occupation number for condensed modes [4] ,
is given in Eq. (54) and can be estimated by using the formalism described in the previous section. Axions form a BEC if this thermalization rate exceeds the expansion rate H(t) [3] . Here, it should be kept in mind whether the system is in the condensed regime or in the particle kinetic regime. For this purpose, it is necessary to compare Γ with the typical energy dispersion of axions,
Let us estimate the thermalization rate in the condensed regime. Substituting the time derivative of Eq. (64) into Eq. (87) yields
where we have used the approximation (66). Defining the factor Λ such that
and using the approximation N p ≃ |α p | 2 ≃ N /K, we finally obtain
where n(t) is the number density of the zero mode axions given in Eq. (83). For a λφ 4 type self interaction, the expression of Λ in Eq. (56) gives
On the other hand, the expression of Λ in Eq. (58) for gravitational self interaction leads to
where δp(t) is the momentum dispersion of axions [see Eq. (84)]. Note that these expressions are valid only if the condition δω ≪ Γ condensed is satisfied.
In the opposite case δω ≫ Γ, the expression in the particle kinetic regime must be used. As seen in Sec. II D, the first order term vanishes in this regime, which requires us to evaluate the second order terms in order to estimate the transition rate of the occupation number. Since the thermalization rate is the quantity of O(Λ 2 ), it is suppressed compared to that in the condensed regime by a factor of Λ. Thus, one can expect that it is difficult for axions to thermalize in this particle kinetic regime. In fact, it is also obvious from the fact that the conditions Γ particle > H (thermalization condition) and Γ particle < δω (particle kinetic condition) are incompatible due to δω < H after the time t 1 [see Eqs. (84) and (88)]. Here, Γ particle is the transition rate obtained from the second order terms in the perturbative calculation. Thus, we can conclude that the axion thermalization occurs only in the condensed regime. Figure 2 shows the time evolution of thermalization rates Γ together with the expansion rate H. We find that the transition rate Γ condensed,g due to the gravitational self interaction exceeds the expansion rate when the temperature of photons becomes
which corresponds to the time scale
Before the time t BEC , axions are decoupled from each other and are described as a classical field. Once a BEC is formed, however, axions behave like cold dark matter for a different reason from that of the classical field. In particular, from the causality, the correlation length l of the axion field is expected to extend over the horizon l t [4] . Hence the momentum dispersion δp appearing in Eq. (93) becomes comparable with l −1 ∼ t −1 , which makes the time scale of the thermalization process much faster. Then, axions continue to rethermalize themselves, and almost all axions stay in the lowest energy state. This leads to the modifications of some quantities such as the energy-momentum tensor and the evolution equation of density perturbations, but they do not induce any effect on the length scale relevant to cosmological observations [3, 22] . It should be emphasized that we have not completely proven the formation of a BEC. In order to confirm that axions do form a BEC, it is necessary to show that they establish the Bose-Einstein distribution after the time t BEC . This requires us to investigate the evolution of the distribution function in a more precise way. The formation of a BEC far from equilibrium states is investigated in [23] . According to the result of [23] , at first the system enters into a universal distribution described by the power law, and subsequently it redistributes into the Bose-Einstein distribution. For dark matter axions, we expect that the universal distribution appears soon after the time t BEC . However, it is not so obvious that it redistributes into the Bose-Einstein form within the time scale t BEC . In order to establish the equilibrium distribution, the system must create some particlelike modes from condensed modes, since these particlelike modes should appear as the higher momentum states in the Bose-Einstein distribution. Such an evolution toward the equilibrium regime cannot be calculated in the formalism developed in this paper. Therefore, although the result of our analysis indicates that the zero mode axions begin to evolve toward thermal equilibrium at t = t BEC , the question of the establishment of the Bose-Einstein distribution is still open. It is necessary to develop the computational method to calculate the evolution of the distribution function from out of equilibrium to equilibrium, which is out of the scope of this work.
In Refs. [4, 8] , it was pointed out that these excited modes would be relativistic and affect the cosmological parameters such as the baryon to photon ratio and the effective number of neutrino species, if axions enter into thermal contact with photons. However, as shown in Sec. II E, the interaction between axions and other species exactly vanishes at the first order in the perturbation theory if we assume that other species are represented as number states, and hence the thermalization rate with other species is heavily suppressed, which indicates that axions forming a BEC are decoupled from other particles and do not give any significant modifications to cosmological parameters. Even though, if an axion BEC is the dominant component of dark matter, they give some imprints on the structure of the inner caustics of galactic halos [7] . This might be a useful tool to distinguish axion dark matter from other particle dark matter candidates.
IV. SUMMARY AND CONCLUSION
In this paper, we developed the formalism to describe the evolution of the zero mode axions in terms of the quantum field theoretic method. In order to solve the evolution of occupation number of axions, we used the in-in formalism and the coherent state representation for a highly degenerate Bose gas of axions. Combining these two ingredients, we derive the time evolution of the expectation value of the number operator in a perturbative way. We showed that there is a nonvanishing contribution for the self interaction of condensed modes at the leading order in the perturbation theory [see Eq. (64)]. On the other hand, the interactions between particlelike modes including other species exactly vanish at the first order in perturbative expansion, which indicates that their relaxation rate is suppressed.
Using the results for the time evolution of the occupation number, we estimated the thermalization rate of the zero mode axions. We recovered the expressions for thermalization rates obtained in [4] , and confirmed that axions start to develop toward a BEC due to the gravitational self interactions when the temperature of photons becomes O(10 3 )eV. From the fact that the tree level contribution vanishes for the interaction with other particlelike species, we conclude that axions in the condensed regime have no thermal contact with other cosmological fluids, and that there is no significant effect on cosmological parameters. In particular, for the effective number of neutrino species N eff , the result of [4, 8] predicts the higher value N eff = 6.77 than the standard model, but in our analysis N eff does not differ from the standard value. Hence the axion BEC is consistent with the standard cosmology. The only peculiar prediction is the specific phase space structure for galactic halos [7] , which gives a possibility to probe axion BEC dark matter on observational grounds.
Finally, let us comment on speculative points in our discussion. For the gravitational self interaction of axions, we use the expression (57) which holds in the Newtonian limit. The use of this term is justified only if we are able to ignore the requirement of the causality. To be more precise, Eq. (57) can be regarded as a good approximation while the time scale of the interaction Γ −1 exceeds the typical length scale δl ∼ δp −1 on which the interaction takes place. However, it is expected that δp H for condensed modes, and hence this condition becomes Γ −1 > H −1 , which seems to be incompatible with the thermalization condition Γ > H. Therefore, in order to make a clear description about the rethermalization of the axion BEC, we must extend our formalism into the expanding background, including the correction coming from general relativity.
In the present analysis, we just estimate the time scale at which the self interaction of condensed modes becomes relevant, but the completion of BEC requires the occurrence of the transition from condensed modes to particlelike modes. This effect is not included in the formalism developed in this work. Furthermore, even if the formation of the BEC completes within the time scale estimated in t BEC , there remains a question whether this rethermalizing BEC is disturbed when the nonlinear structure grows. It is important to confirm the rethermalization property of dark matter axions infalling to galactic halos, since this property is claimed to explain the caustic rings, giving a motivation of axion BEC dark matter [7] . Each of the issues enumerated above requires more extensive studies, which should be addressed in future publications.
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To compute the expectation value, we note that 
for modes k and k ′ , and the state 
The fourth line of Eq. (A4) becomes
or 
In the particle kinetic regime, these tremendously long equations can be simplified as follows. Taking the time derivative after performing the integration over t 1 and t 2 , we find
If Ω 1 +Ω 2 = 0, these terms drop out because of the rapidly oscillating factor in the particle kinetic regime (Ω kl pq t → ∞). On the other hand, if Ω 1 +Ω 2 = 0, the first term of the right-hand side of Eq. (A15) cancels with its complex conjugate. Then we obtain
Note that the energy conservation emerges in the limit because Ω 1 (t − t 0 ) → ∞,
which implies that terms with Ω 1 = 0 do not contribute to the final result in this limit. 
where we have neglected the contribution that contains the integration over condensed modes (i.e. q≤K k,l>K ), because such terms are prohibited by the energy conservation (A16). In this way, we recover the usual Boltzmann equation [4] .
